Short solution of the radioactive decay chain equations
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In most textbooks on nuclear physicdthe set of radioactive decay chain equations is solved
analytically for a maximum of three nuclides. The general Bateman sofuisogiven as a final
result or only with a brief mention of the elaborate recursive procedure needed to oBthier,

a short method for obtaining the general solution is demonstratedoo® American Association of

Physics Teachers.
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The set of equations for a nonbranched decay chain is where the constany is chosen so that all singularities of

dN;, Nk(s)_ are on the left-hand side. In the present case all sin-
i - —N\iNq, gularities at N, N, ...) are negative and s.|n.1ple _
poles. The integral may be closed by an infinite semicircle in
(1) the left half-plane of the complex plane. BecauseNai(s)
are of the formP/Q(s), whereP are constants an@(s) are
dNy polynomials of degree=1, the path integral along the semi-
W:Ak—lNk—l_)‘ka’ circle tends to zero as the radius tends to infinilhen by
the residue theorem, we obtain
where A, is the decay constant of theh nuclide, andN, 1 [yti=
=N(t) is the number okth nuclei at time. We first assume Ny ()= =— eS‘Nk(s)ds

simple initial conditions, for exampleN;(t=0)=N,, 2 ) y—ice
N (t=0)=0 for k=2. The Laplace transformatiodris ap- 1 k
plied to both sides of Eql): =5 % SN (s)ds= >, Reg[eStNk(s)], (5)
c =1
© dN o0
f e‘Std—tldtzf e S'dN, where Resdenotes the residue of the function in the square
0 0 brackets as=—\;. Hence,
=e’StN1(t)|f§+sf Je’StNl(t)dt Res[esNy(s)]= lim [(s+X))eNy(s)]
0 S—>—)\j
=~ Nygt sNy(s) =~ \iNy(s), (2a) Leni MM g
dN (Ak=Nj) .. (M=)
f e*S‘d—tkdtze’StNk(t)|g+Sf e SNy (t)dt Finally, by doing the sum, we obtain:
0 0 K ot
=sN = N ~\.N N =N PD VS . (7
SNk(S) =A—1Nk-1(S) = ANi(s),  (2b) k(1) =Niohg—1Ak-2 7\1j=1 T gy (—h)) (7)
whereN,(s) is the Laplace transform dfl,(t). Alternatively, the same result can be obtained without
Equations(2a) and (2b) are algebraic iN(s), and we ~ complex integrals. According to the Heaviside theofem:
find k =
N(t)=2>, ———e N, 8
B Ny W(t) ]21 = ®
Ni(s)= =%, (3a
1 and the substitution d? andQ’ leads to Eq(7).
Equation(7) represents the Bateman solution for the given
Ni(s) ﬂNk_l(s) initial conditions. It is easily generalized to the most com-
Ats mon case of nonzero initial conditions witk, >0 for k
Me1ha - - Ng >0. For example, ifN,,(t=0)=N,,0#0, we should add a
R SIS Y W ey P Nio- (3b)  similar expression for the subchain starting atm:
i — N\t
The inverse Laplace transform of E(B) is given by the N =N N o\ €
Bromwich integraP (D=Naohi-1hi—2 lgl I = 110N = M)
1 (orrie o i e~ Md
N (t)=—.J e*'Ny(s)ds, 4 +Npohi—1... A .9
k 2 i y—ie k moNi—1 mk:m H]k=m(j¢k)()\j_)\k)

444 Am. J. Phys.70 (4), April 2002 http://ojps.aip.org/ajp/ © 2002 American Association of Physics Teachers 444



In this way, for the most common cadg,(t=0)=N;, for- @Electronic mail: pressyan@hotmail.com
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